An application of the discrete fractional variational principles
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Abstract: The fractional calculus is an emerging topic in #rea of science and engineering. The
fractional difference variational principles start®e be investigated intensively during the last feears.
In this paper we investigate the discrete fractioBaler-Lagrange of a free one-dimensional pagticl
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1. Introduction where  p(s)=s-1.

The fractional calculus, which studies the calculis The Riemann left and the Riemann right fractiorifiecences
derivatives and integrals of any order becamgrefat are defined respectively by
importance in the last decade [1,2,3]. N f (t) = AAa) £ (S) 5)(
In [8] the authors defined the left and right fiantl sums O7f(t) = (-2)" 00~ (s) (6)

starting with linear difference equations. In [6 discrete
fractional operators were studied and the comnuitti
properties of the fractional sum and fractionated#nce
operators were developed. In [9], the right fraziocsum and
difference operators were defined and the integmdtly parts
formula for fractional differences was developed.

We give nhow some basic definitions related tatfomal
differences calculus.

This manuscript is organized as follows:

In section 2, we present the integration by pamtmfila. In
section 3, the Euler-Lagrange equations are discuss
section 4 an example is studied.

2. Integration by Parts for Fractional Differences

For natural number n, the factorial polynomial édided by -
M(t+1) Proposition 1. Let @ >0, @, b[UR such tha@@ < b and I&

n-1
tV = t-j)=—-—"—. 1 is defi is defi
I:!( ) F(t+1-n) (1) a+ a(mod1).If f isdefined onN, and gis defined on

For arbitraryo, define » N, then we have

(@ :% , @) Z(A‘”f)(s)g(s) Z f(907g(s). ()

where the conventiob® =0, when we divide over a pole. where N, ={a,a+la+ 2,---} and

N ={b,b-1b-2,..}.
If @ >0and 0(S) = s+1, thea-th left fractional sum off " { . J

is defined by
ATE() = mz(t a () 1(s), () Proposition 2. Let @ >0 be non-integer and assume that
b=a+(n-a)(mod1). If f is defined on,N and g is
and thex-th right fractional sum off is defined by defined onN,, then
—0/ g b-n+1 b-(n-a)+1
f(t)= —Z(,O(S) —)“ P £(s), ) D feA (9= D g(907f(s) ®)

Ma ( ) s=a+(n-a)-1 s=a+n-1



When @ =1 we obtain A (y(X),7(X) = bf[aL(S’) ‘3'&(,5)]/7(3) 0. (19)
Zf(s)Ag(s)

b1 (9) and by applying a suitable discrete fundamentahtarm
;g(erl)Af (s) calculus of variations we obtain the Euler-Lagraagaation:

s=a+l

0L() , 10 OL(9) _,

3. Euler-Lagrange equations 15
grange eq dy ANy (15)
The obtained by-parts formula in previous sectsowery 4. Example
useful in discrete fractional calculus. Here, feample, we show We consider the following action
how it is used to obtain Euler-Langrange equatfona discrete
variational problem in fractional calculus. We cioles the J(y) = z (A” y(9)? . (16)
functional J: S» R, saa 2
where a,b LJR, 0< @ < 1. Applying (15), we have
_ a 0%(A7y(s) =0. (17)
I() ;HL(S’ y($),47Y(s)) (10) We should mention that, equation (17) is highKiclilt to
where solve.
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Then we apply proposition with 0& < 1 and n=1 to get






